Abstract. In this paper, we study the Emden-Fowler equation whose coefficient is even in the interval (−1, 1) under the Dirichlet boundary condition. We prove that if the density of the coefficient function is thin in the interior of (−1, 1) and thick on the boundary, then a least energy solution is not even. Therefore the equation has at least three positive solutions: the first one is even, the second one is a non-even least energy solution u(t) and the third one is the reflection u(−t).
Introduction and main results
We study non-even positive solutions of the Emden-Fowler equation where p > 1, h ∈ L ∞ (−1, 1), h(t) is even and h(t) ≥ 0, ≡ 0. If 0 < p < 1, Brezis and Oswald [2] proved that there exists a unique positive solution. Therefore we study the case p > 1. Since h(t) is assumed to be even, there exists an even positive solution, which will be proved later on. However, in this paper we expect the existence of a non-even positive solution under a suitable condition on h(t). This solution will be given by a least energy solution. To explain it, we define the Rayleigh quotient Note that for any u ∈ H 1 0 (−1, 1) \ {0}, there is a λ > 0 such that λu ∈ N . Since R(λu) = R(u) for any λ > 0, it holds that
R(u)
We call u a least energy solution if u ∈ N and R(u) = L. It is easy to verify that a least energy solution satisfies (1.3) and (1.1) with the non-linear term h(t)u p replaced by h(t)|u| p−1 u. Moreover, it is sign-definite; i.e., it is positive or negative in (−1, 1). Indeed, if u ∈ N is a least energy solution, then |u| ∈ N . Hence |u| is a minimizer of R over N , and it is also a solution of (1.1) and (1.3). Then |u| is positive by the strong maximum principle. Accordingly, u is a positive or negative solution. Throughout this paper, a least energy solution means a positive one.
To explain our motivation, we introduce the Hénon equation
where B denotes the unit ball in R N and 1 < p < ∞ if N = 1, 2 and 1 < p < (N + 2)/(N − 2) if N ≥ 3. Then Smets, Willem and Su [10] have proved that if λ is large enough, then a least energy solution of (1.4) is non-radial. Therefore the equation has at least two positive solutions: one is a least energy solution and another is a radial solution. There are many contributions that have studied the Hénon equation ([3, 4, 5, 6, 8, 9] ).
On the other hand, Moore and Nehari [7] have proved that if h(t) = 0 in [−a, a], h(t) = 1 in [−1, −a) ∪ (a, 1] and a(< 1) is sufficiently close to 1, then (1.1)-(1.3) has at least three positive solutions: the first one is even, the second one u(t) is non-even and the third one is the reflection u(−t). Tanaka [11, 12] has extended the results above to sign-changing solutions of the p-Laplace equation and to radial solutions of a semilinear elliptic equation.
Observing the results above, we have a question: What kind of h(t) yields a non-even least energy solution? Our answer is as follows. If the density of h(t) is thin in the interval (−a, a) with a close to t = 1 and concentrates on the boundary t = ±1, then a least energy solution is not even.
To state our results, we put
and introduce two assumptions below:
(A) There exist μ ∈ [0, 1) and a ∈ (0, 1) such that
(t) is even and satisfies either Assumption (A) or (B). Then a least energy solution of
(1.1)-(1.3) is not even. Therefore (1.1)-(1.3
) has at least three positive solutions: the first one is even, the second one is a non-even least energy solution u(t) and the third one is the reflection u(−t).
In the theorem above, we assume that h ∈ L ∞ (−1, 1). Then a solution of ( 
with some ν ∈ [0, 1) and a ∈ (0, 1). Then the same conclusion as in Theorem 1.1 remains valid.
The corollary above ensures our assertion that if a is close to 1 and if the density of h(t) is thin in (−a, a) and thick in (−1, −a)∪(a, 1), then the least energy solution is not even. Our theorem extends and generalizes known results. Indeed, using Corollary 1.2, we get the same result as Moore and Nehari's theorem.
with a constant c > 0. If δ > 0 is small enough, then the same conclusion as in Theorem 1.1 holds.
The example above and the next one will be verified in Section 4.
λ . If λ > 0 is large enough, then the same conclusion as in Theorem 1.1 holds.
The example above is a new result which covers a wide class of h(t). Indeed, it is applicable to h(t) = e λ|t| , h(t) = | sin(πt/2)| λ , h(t) = (|t|/(1 + |t|)) λ , etc. Moreover, putting g(t) = |t|, we obtain the result on the Hénon equation in one dimension as below.
Example 1.5. Let h(t) = |t|
λ . If λ > 0 is large enough, then the same conclusion as in Theorem 1.1 holds. This paper is organized as follows. In Section 2, we study the property of even positive solutions, which will be used in Section 3. In Section 3, we prove Theorem 1.1 and Corollary 1.2. In Section 4, we verify Examples 1.3 and 1.4.
Even positive solution
In this section, we study the property of even positive solutions, which will be needed in the next section. For −1 ≤ a < b ≤ 1, we write
is even, then we have the relation
Lemma 2.1. There exists an even positive solution.
Proof. This is a consequence of a mountain pass lemma. Indeed, we put 1) and use a mountain pass lemma (see [1] or [13] ). Then we get a non-trivial critical point of I in H By the strong maximum principle, u is positive. Thus u is an even positive solution.
Lemma 2.2. Let φ be an even positive solution of (1.1)-(1.3). Then we have:
, φ (0) = 0 and φ(t) attains its maximum at t = 0,
.
Proof. For a positive solution φ, it holds that −φ = hφ p ≥ 0; i.e., φ is concave. If φ is even, then φ (0) = 0. Thus (i) follows. Multiplying (1.1) by φ, integrating it over [0, 1] and using φ (0) = φ(1) = 0, we have (ii). The assertion (ii) implies (iii) directly.
Proof of the main results
In this section, we prove the main theorems. Let H 
Proof. We define a test function
Then it belongs to H 
|v |
These inequalities with (2.1) imply
This completes the proof.
Lemma 3.2. Let φ be an even positive least energy solution. Assume that either (A) or (B) holds. Then we have
Proof. Recall that φ (t) ≤ 0 in (0, 1) by Lemma 2.2 (i). Multiplying (1.1) by φ and integrating it over [0, t], we get
First, we assume (A). Putting t = a in (3.4), we have
This inequality with the Schwartz inequality gives us
Using the Hölder inequality, we estimate the last integral as
We use Lemma 2.2 (iii) with (2.1) and apply Lemma 3.1 to get
Combining all the inequalities above, we obtain
This inequality with (1.6) ensures (3.2). We deal with Case (B). By (3.4), we have
Integrating both sides over [0, a], we get
Combining (3.5)-(3.7), we obtain
This inequality with (1.8) yields (3.3). The proof is complete.
Lemma 3.3. Under the assumption of Lemma 3.2, we have
where
Proof. We use φ(1)=0 and the Schwartz inequality to get
This inequality with Lemma 3.2 leads to the conclusion.
We are now in a position to give a proof of Theorem 1.1. Our method of the proof is to prove L < L e . If this inequality can be proved, then a solution corresponding to L cannot be even, that is, a least energy solution is not even.
Proof of Theorem 1.1. Let φ be an even positive least energy solution. We define a test function
where M := φ(0) is a maximum of φ(t). Then v belongs to H 1 0 (−1, 1). We shall estimate the Rayleigh quotient,
Since φ is an even positive least energy solution, Lemma 3.3 gives us
From the definition of v(t), it follows that (3.10)
Since M = φ(0) is a maximum of φ(t), by (1.5) we estimate the last term as
Then (3.10) is reduced to This inequality ensures that a least energy solution cannot be even. The proof is complete.
Proof of Corollary 1.2. It is clear that the left hand side of (1.8) is less than or equal to that of (1.10). Therefore (1.10) implies (1.8). Since H > 0, we have 2 (p−1)/(p+1) < 2 H + 1 2
2/(p+1)
. Then (1.11) implies (1.9). Therefore Theorem 1.1 proves the corollary.
